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Let C be a subset of a finite group G. Define a set of edges on C as follows: for x and y in C, 
(x, y) is an edge if xy and yx belong to C and xy * yx. For a suitable choice of G and C, the 
graph can be identified with the graph of a polyhedron. In certain cases, the group of 
orientation preserving automorphims of C is isomorphic to G itself. Tht; classical examples such 
as the tetra-, octa- and icosahedron belong to this cagegory. This note sets out to describe the 
phenomenon for the group PSL(2, p). 
In this note we construct a polyhedron with an orientation the edges of which are 
defined on a certain subset C of a finite group G. Usually, C consists of elements of 
order p, p a prime number. In some cases it is shown that the group of orientation 
preserving automorphisms of the polyhedron is isomorphic to the group G itself. 
Since any general description seems lengthy, let us illustrate this by using examples. 
Take G = A 5 , the alternating group on five letters. Put 
x = (1 2 3 4 5), 
w = (1 2 5 4 3), 
y = (1 4 5 2 3), 
v = (1 3 4 2 5), 
z = (1 2 4 5 3), 
u = (1 4 2 3 5). 
Th C { -1 -1 -1 -1 -1 -1} f . I f e set = x, x ,y, y ,z, z ,w, w ,v, v ,U, U orms a conjugacy c ass 0 
5-elements in A 5 • 
Define a set of edges Eon C as follows: for a and b in C, (a, b) E E if (i) ab "* ba and 
(ii) labl=5. Since labl= Ibal for all a,bEC, (a,b)EE implies (b,a)EE. So this 
defines an undirected graph. Moreover, we shall identify the graph with an orientable 
polyhedron in three-dimensional space. To do this we define 2-simplices and the 
orientation, as follows. 
DEFINITION 1. Three vertices a, band c which are joined by edges (a, b), (b, c) and 
(c, a), respectively, are said to form a 2-simplex if abc = lor acb = 1. 
In our example, every three vertices adjacent to each other form a 2-simplex. Let Y 
be the set of all vertices, all edges and all 2-simplices. It is easily seen that Y, 
considered as a simplicial 2-complex, is homeomorphic to an icosahedron. Next we 
define an orientation in each 2-simplex. 
DEFINITION 2. For the 2-simplex shown below, the orientation is defined as 
counterclockwise if abc = 1. If acb = 1, then the orientation is defined as clockwise. 
a 
b c 
Since only one of the cases abc = 1 or acb = 1 occurs, this orientation is well defined 
and agrees with the usual orientation of Y or its opposite. 
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DEFlNmON 3. 
{ I 
(as bS ) E E if (a, b) E E, 
Aut(Y) = S E Sym(C) aS~scs = 1 if abc = 1 and}. 
Note that Aut(Y) is the group of orientation-preserving automorphisms of Y. It is 
known that Aut(Y) is isomorphic to A 5 • We shall give a proof of this fact, which 
extends to more general situations. 
First, any element of A5 can be identified with an element of Aut(Y), since A5 acts 
on C by conjugation and this action preserves the orientation of 2-simplices. Moreover, 
for a E C, the centralizer CoCa) of a in G acts on the vertices adjacent to a. Since 
Cda) n Co(b) = 1 for any edge (a, b) E E, and the valency of every vertex is equal to 
ICo(a)l, we see that G acts on the vertices in C transitively and regularly. We also note 
that G acts on the edges E transitively. 
Conversely, the elements of Aut(Y) can be identified with those of G in the 
following way. First we show that s in Aut(Y) induces an automorphism on G. Fix one 
particular edge (a, b) E E. Since a and b generate A 5, s is extendable to A5 as follows: 
for any element g in A 5 , 
define s as 
l = (asY'(bs)" ... (asY'(bs)". 
We show that this definition does not depend on the representation of g. Suppose that 
there are two representations of g: 
g = ae,/Y' ... ae,l/'r = aP1b q1 ... aPnbPn . 
We have 
Since (as, bS ) is an edge and A5 acts on E transitively by conjugation, there exists an 
element u in As such that as = aU and bS = bU. Hence {a, b} and {as, bS} satisfy the 
same relation as generators. This implies 
(asyl(bs)" . .. (asY'(bs)" = (asyl(bS)q, ... (asyn(bS)qn. 
Thus, gS does not depend on the representation of g. 
Next it has to be shown that s is an extension of s. Recall that if a, band c form a 
2-simplex and abc =1, then c = (ab )-1. Hence, as s preserves the orientation, it is 
easily seen that gS = gS for any g E C (by induction on the number of 2-simplices joining 
a, b to g). 
For each s in Aut(Y) and a fixed edge (a, b) in E, there exists an element u in As 
such that as = aU and bS = bU, as we discussed before. Note that such an element u is 
unique since CoCa) n Co(b) = 1. Thus, s is identified with u. This implies that Aut(Y) 
is isomorphic to As. 
Before we generalize the arguments to PSL(2, p), let us list other classical 
examples. If G = A4 and we define a polyhedron on one of the conjugacy classes of 
3-elements, then we obtain a tetrahedron T. The same argument as above shows that 
Aut(T) is isomorphic to A 4 • If G = Qs, the quaternion group of order 8, and we define 
a polyhedron on the set of all the elements of order 4, then an octahedron V is 
obtained. A similar argument as above show that Aut(V) is isomorphic to S4 = 
Aut(Qs)· 
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Now let G = PSL(2, p), where p is an odd prime number. The order of the group is 
p(p2 -1)/2. The order of its p-Sylow subgroup is p. Since any p-Sylow subgroup is 
self-centralizing, all the p-elements of G can be written as 
for z =Xk, o~ k <p, 0< i, j <p, 
where x and yare any non-commuting pair of p-elements, view G as a quotient group 
of SL(2, p) by the center 
Z(SL(2, p» = {(~ ~), (-~ _~)}. 
For any element a in SL(2, p), denote its coset in PSL(2, p) by [a]. Then [a] = [-a]. 
First, consider the set D of all p-elements of G as the vertex set of the graph. Let us 
choose a pair of non-commuting p-elements, say 
x = [(~ ~) ] and y = [G ~) J. 
By solving the following equations, 
(~ ~)G ~r =(~ ~rnG ~r(~ ~r 
or 
( 1 1)(1 O)k = _ (1 l)-n(l o)m(l l)n 0111 011101' 
we see that only the latter has a solution, namely the following: 
LEMMA 4. Ixykl=p if k=-4modp. Moreover, xy-4=x-ny mx n, where 
n = -1/2 modp and m = 4 modp. 
Define a set of edges E on D as follows. For a and b in D, (a, b) E E if (i) ab *ba 
and (ii)labl = p. Also, the 2-simplicies and their orientation are defined as in 
Definitions 1 and 2, respectively. 
LEMMA 5. There are exac;:tly p different vertices adjacent to x, namely {X-iy-4xi ; 
l~j~p}. 
LEMMA 6. The neighbors {x-iy-4xi;1~j~p} of x are joined to each other by a 
single p-cycle in the graph. 
PROOF. The vertices x, y-4 and (xy-4)-1 =x-ny-4x n form a 2-simplex, where 
n = -1/2modp: 
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Conjugation by xn turns this 2-simplex into 
Repeating conjugation by xn we see that the assertion holds. 0 
PROPOSITION 7. Each connected component of the graph obtained from PSL(2, p) 
can be embedded into a surface. 
PROOF. By Lemmas 5 and 6, the graph is locally 2-dimensional. So the assertion 
holds. 0 
The group G = PSL(2, p) has two conjugacy classes of elements of order p. One of 
them contains 
x =[(~ ~)] and the other contains w = [(~ :)], 
where t is a non-square element of GF(p)*. By Lemma 6, any two adjacent vertices 
are conjugate; in particular, x and y-4 are conjugate. Let C be the conjugacy class 
containing x and y-4. 
LEMMA 8. If P = 3 or 5 (mod 8) and 2 generates the multiplicative group GF(p)*, of 
if P = 7 (mod 8) and 2 generates a subgroup of index 2 in GF(p)*, then the graph C is 
connected. 
REMARK. Since 2 is quadratic non-residue if p = 3 or 5 (mod 8), the condition in the 
lemma is equivalent to that 4 generates a subgroup of index 2 in GF(p y. 
PROOF. Put 
and 
It is easy to check the following diagram: 
____ u~ 
x --- y-" ~ I -J x" ~v~ 
Considering conjugation, a and a4 are joined by edges for any element a in C. By 
Lemmas 5 and 6, it is now easy to see that C is connected. 
LEMMA 9. Under the same condition as in Lemma 8, the numbers of the vertices V, 
the edges E and the faces F of the polyhedron C are as follows: 
V = (p2 -1)/2, E = Vp/2 = p(p2 -1)/4, F = Vp/3 = p(p2 -1)/6. 
PROOF. Trivial. 0 
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THEOREM 10. Under the same condition as in Lemma 8, the automorphism group of 
the polyhedron C is isomorphic to PSL(2, p). 
PROOF. The same argument is valid as in the example of As = PSL(2, 5). 
REMARK. One can easily calculate the genus of the polyhedron C. However, 
according to [1], this is not of the least genus. 
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